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Using the arithmetic of complete permutations developed in the first part of this paper, we 
investigate he spectra of certain constrdnts with respect to central, integral bases which are of 
interest for the purposes of giving further constructions either of complete permutations with 
constraints or of irreguhtr, critical perfect systems of difference sets. We also present, in the 
appendices, catalogues of examples and enumerative data based on computer studies. 
Prefatory note 
The first part of this paper [26] contains Sections 1-5; the numbering of 
sections is continued in this part which thus contains Sections 6-8 (as well as the 
appendices). We also retain the numbering of equations and references in [26], 
including here a selected reference list for ease of access. Our acknowledgements 
too are as before, as is our terminology. 
Our main concern in this part is the proof of the following theorems which we 
restate from [26]. 
Theorem A. SO consists of all odd positive integers except 3 and 5. 
Tbwrem Hi. %I = ‘T((O, 1); & /p 1)) COFL&T of ali odd positive integers except 1, 3 
and 5 and possibly except 45, 67 and 69. 
Theorem B2. V2 = %((c - 3,3,0,2,5); (0, 4, 1,3,2)) con&s of all odd positive 
integers m -with m b 13, except possibly 33 s m c 633. 
6. The spectrum WO 
It is c!ear that 3 and 5 are not in %$ although, of course, it does cc&ain 1. On 
the other hand, application of Lemma 7 using examples in Appendix 1 gives the 
following partial results on the spectrum Ce, which is reminiscent of results in 
113, 141. 
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Lemma la. (i) If m ’ and m” ve in So, then so is m’ . m”. 
(ii) If m is in %&, then so are (among others) Zbn + 4, 5m + 8, 7.3 t 8, 
7m + 10, 7m + 12, 9m + 16. 
(iii) 7, 9, 11, 13, 15, 17, 19, 21, 23 (among others) are in %Y and so are all 
products of their nGn_nqgative integrai powers. 
Proof. Take u = o = (0) in Lemma 7. 
(i) With d = c” and z = c’ in Lemma 7, it follows that if m’ = 2~’ - 1 and 
m” = 2~” - 1 are in %&, then so is m = m’ . m”. 
(ii) Examples in Appendix 1 gives some values of a and 6 such that a + b,, fits 
%&. Then, by Lemma 7 (with z: = c’), if m is in %YO, then so is am + b. 
(iii) This follows from (i), noting some m shown to be in CeO by examples in 
Appendix 1. 0 
A result such as Lemma 10 certainly shows that a spe@um, in this case Ce,, 
contains many v\&tes, but it is apparently not powerful enough to fill out the 
spectrum to the extent of, say, Theorem A (this is a!so the kind of defect 
encountered with the results in [ 13, 141). However, Lemmas 5 and 6 enable us to 
make further progress to this end. 
f oP Theorem A. Suppose that, in view of an example drawn from Appendix 1, 
2c - +I) fits &,. Now, for r 2 2t - 1, if (19) is satisfied, then, bi Lemma 5, 
there is a complete permutation of IVsr+r.r and so, using Lemma 6, m = 
2c + 6r - 1 is in (e,. To take account of the restrictions on r in this argument, we 
write 
r=4rI+r2, OSrpG3; m=24mI+2m2-1, lGm+l2, (2la) 
so 
m2 = c + 3r2 (mod 12) (21b) 
Then Table 1 gives, for each value of m2 (column I), the range of rl (column 6) 
and so of ml (column 2) admissible in the above argument starting from the 
values of c, t and r2 given in columns 3, 4 and 5 respectively (note that while r2 is 
related to t by (19), it is also determined by c and m2 sizcq from (2lb), 
r2 = c - m2 (mod 4)). *We find that m is in %,, at least when ml 2 3, that is for 
m 3 73. The remaining cases in which ml = 0, 1 and 2 are dealt with in columns 7, 
8 and 9 of Table 1 (refer to the key for explanations). This completes the proof of 
Theorem A. •I 
The values of c and t in Table 1 are taken, subject to the availability of 
appropriate xamples, so as to give the largest admissible range of rl and so of 
ml. owledge of splits is especially useful here, although the theorem can be 
proved with less information but noting more special casc!j. For instance, with 
C =8=9, r2=1 for m2= 12, the construction works for rl 3 4 and so for ml 2 4 
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Table 1. The spectrum %,-, 
--I -- 
m2 fpz+1 c t r2 r,a m,=O m,= 1 4 =2 - 
1 0 1 1 0 0 J J J 
2 3 11 5 1 2 X 27 51* 
3 3 6 6 3 2 X 29 5*3+8 
4 0 1 1 1 0 J J J 
5 2 8 4 3 1 9 33 J 
6 2 9 4 3 1 11 35 J 
7 2 7 3 0 2 13 3011+4 J 
8 2 8 4 0 2 15 39 J 
9 2 9 4 0 2 17 41 J 
10 1 7 3 1 1 19 J J 
II 3 11 5 0 3 21 45* 69* 
12 3 12 5 0 3 23 47t 7.9 + 8 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
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Key for cohmns (7-2). ,/: case covered by general construction; X: m is not in %,-,; m: 
refer to example rntW) for WO in Appendix 1; am’ + 6: application of Lemma 9 (m’ is in 
%,,, a + b(,) fits %Y); m*: application of Theorem 6(i) (refer to Fig. 5 for perfect systems 
of difference sets); mf: refer to last paragraph of Section 5. 
and the case ml = 3 is covered by Lemma lO(iii) as 95 = 9.9 + 14. Again, 
working with c = t = 11 for m2 = 2 and 11 shows that the car-%ruction works for 
mI 36 and the cases ml = 3, 4 and 5 are all covered by Lemma lO(iii) 
(75=7-9+12, 99=9-11, 123=523+8; 93=5-17+8, 117=9-13, 141= 
7 l 19 + 8). Thus, if we do not know that 21,,, and 23,&t V$ but only that 21 and 
23 are in Ce,, we can still establish Theorem A. Our method of proof is quite 
flexible in this regard. But even when, as for sliding constraints, we need to know 
more than that certain values are in the spectrum, we can still sometimes make do 
with limited information, the proof of Theorem B2 in Section 8 serving as an 
example of this (see also 1181). 
Our method of proof is similar to that used in [12] to show that the first e 
positive integers can be partitioned into a perfect system of difference sets with 
threshold 1 except when e is one of the following: 
1,2,4,5,7,8,10,11,13,14,17,20,23,26. (22) 
Both draw on the existence of certain perfect systems of difference sets (see 
Lemma 4(i)) and on addition using splits (compare Theorem 1 and (141). Indeed, 
the result in [12] can be turned into a weaker version of Theorem A, using 
Theorem B(i) to isire a complete permutation of Ne+l,l and so, on the addition of 
al, a complete permutation of IV e+l which satisfies the constraint (0) + (0) The 
cases 8 = 22, 25 and 34 are in fact incorporated in Table 1, in default of a direct 
computer search for such complete permutations, to show that m = 2& + 1 = 45, 
51 and 69 are in Y& (perfect systems of difference sets for these cases are 
illustrated in Fig. 5; see also [1, p. 171 for the case e = 22). 
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However, not only does working entirely in terms of complete permutations as 
in our proof of Theorem A lead to fewer possible exceptions to the general 
construction, but also the exceptional set is definitely smaMer for complete 
permutations than for perfect systems of difference sets with threshold 1 as 
compz&on cf T!?caram A with the list (2~) indicates. Further, this alternative 
approach along the lines of il2] 3s only realljj well suited to the spectrum %$ and 
for other constraints we should need to fall back on a hybrid method. But it might 
perhaps be possible to construct perfect systems of difference sets which yielded, 
through Theorem 6, complete permutations atisfying given constraints; and it 
would be interesting to investiga.te when a consectnive run of 8 positive integers 
can be partitioned into pAdam+ n=ra+nm* ng ML*~~~~ sets with threshold c, say, WA IV-C 0 J “.“.I‘0 “I UaYWI “a.- 
where now c > 1, thereby generalizing the problem in [12], Some results on the 
latter point are given in [ 181. 
For the spectrum % 1, we follow the same line of approach as in the previous 
section, the constraint (0, l)* (2, I) being again a tied constraint. Note, first of 
all, that 1, 3 and 5 are not in VI. Next, as both a counterpart o and, in part, a 
consequence of Lemma 10, we have the following result: 
bemall. (i) Ifnz’isin %Oandm”isin gI, thenm’.m”isin qI.. 
(ii) If na is h Vo, then %Z1 contains (among others) 
Sm+6, 7m+8, 7m+iO, 9m+12, 9m+14. 
(iii) 7, 9, 11, 13, 15, 17, 19, 21, 23 (among others) are in VI and so are all 
products of their non-negative integral powers other than 1. 
(i), (ii) Taking I = (0, l), u = (2,l) in Lemma 7, these parts follow as for 
the comparable parts of Lemma 10, drawing on examples in Appendix 1 as need 
be for part (ii). 
(iii) Again, noting the examples in Appendix 1, (iii) follows from (i) and 
Lemma lO(iii): indeed, these show that any value common to Ce, and VI can be 
added to the list in (iii). i3 
Proceeding now to the proof of Theorem B1, we adopt the notation (21) and 
the method of proof of Theorem A in Section 6. 
1o Columns l-6 of Tabie 2 display the foiiowing information: 
Column 1: m2, 1 S m2 S 12. 
n 3, 4: Values of c an t such that 2c - 1 (zo_l) fits V, (refer to examples in 
endix 1). 
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m2 ml2 c t tx r,> ml=0 ml=1 ml=2 m,=3 
1 2 
2 3 
3 3 
4 2 
5 2 
6 2 
7 4 
8 2 
9 1 
10 3 
11 3 
12 3 
4 4 3 1 
11 5 1 2 
12 5 1 2 
4 f 0 2 
1 3 1 
:; 0 2 
7 7 0 4 
8 4 0 2 
63 11 
77 13 
11 5 0 3 
12 5 0 3 
x 
X 
X 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 
33 
35 
37 
39 
b 
45? 
47t 
J 
S-9+6 
53t J 
: 
J 
d 
J J 
S-11+ 6 7=11+ 8 
J J 
J J 
67? J 
69? J 
S-13+6 J 
(1) (2) (3) (Lo) (3 c(6) (7) (8) (9) (10) - 
Key for COIMMB (7-10). J: case covered by general construction; X: m is not in %$; m: 
refer 00 example m(,) for SI in Appendix 1; am’ + 6: application of Lemma 10 (m’ is in 
%‘,-,, cl + b,, fits %$); mf: spedal construction given in text; m?: case unresolved. 
Column 5: rz=c-m2(mod4), O~r+3. 
Column 6: Range of rl such that there is a complete permutation of N3r+t, t (see 
Lemma 5). 
Column 2: Range of ml such that m = 2c + 6r - 1 = 24ml + 2m2 - 1 is in %I (see 
Lemma 6). 
This information implies that m is in SI at least when ml 3 4, that is for m 3 97. 
the remaining cases are treated in the other columns of Table 2 (refer to the key) 
with a special construction for m = 47 and 53 in the next paragraph and only the 
cases m = 45, 67 and 69 to be resolved. Note, for example, that the only case 
when ml = 3 not covered by the general construction is m2 = 7, m = 85 which is 
disposed of by Lemmas lO(iii) and ll(iii) as $5 = 7 l 11 + 8. 
Turning to the cases m = 47 and 53, Theorem d(ii) applied to the systems of full 
difference sets illustrated in Fig. 8 yields compiete permutations of N10,3 LI! N&3 
D(A*j= 23 D(A2) = 18 D(A,) = 21 
3 20 4 14 5 16 
D(‘&) = 19 S(A;,j = 22 D(AJ = 17 
6 13 7 15 8 9 
(i) I = 6; e 7: 18; t = 3; TC = 10; y = 13 
D(A,) = 25 D(A,) = 23 D(A,) = 21 D(A,) = 20 
3 22 4 19 5 16 6 14 
D(A,) = 17 D(A,) = 26 D(A,) = 24 
7 10 8 18 9 15 
(ii) r = 7; e = 21; t = 3; x = 11; y = 14 
Fig. 8. Some systems of r full difference sets (refer to Theorem 6(ii) and Section 7). 
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and NI.S U N&14- But, from Appendix 1, ll(=, fits $, so there are also complete 
permutations of N3 U N6+P,3+g which satisfy VI. Taking p = 7 and 8 respectively 
and using Lemma 1 (compare also Theorem l(ii)) we obtain complete permuta- 
tions of Nu and NX which satisfy VI. The complete permutations constructed in 
this way have splits at 9 and 10 respectively so that we can in fact conclude that 
47(1,) and 53,,,, fit %I- 
So Theorem B1 is proved. III 
As the constraint (LO) is a sliding constraint we have to employ Lemmas 8 and 
9 rather than Lemmas 6 and 7 in proving Theorem B1. We therefore have no 
analogue of parts (i) and (iii) of Lemmas 10 and 11 and for the analogue of part 
(ii) of these lemmas it is vital to have examples when m(,,,) su&s & and not simply 
of m h %& By exhaustive computer search, ,m is not in Vz for 1 s m G 11 and 
m(,,,) does not suit (ez for i3 G m 6 21, although in this latter range odd m are in %* 
and there are even complete permutations satislrjling (20) which split as in the case 
m = 13 (see Appendix 1 for examples). There are examples when m(,,,) suits %* 
with m a 23, but a further complication seems to be in finding examples with 
m = 0 (mod 3), at least for m c 117. We sum up as a lemma what we are able to 
retrieve in these circumstances. 
Lemma IL (0 23(11), ~$II), 29(13), 3&13j, 35,15,, 37(15~, 4+) (among others) 
suit 5&2. 
(ii) If a + b,, S&S %z and m&,,.l fits VO, then am’ + b,,p, and am’ + btam., 
suit ‘&2. 
(iii) If m is in ZO, then & contains (among others) 
llm + 12, llm + 14, 13m + 16, 13m + 18, 15m + 20, 
1Sm +22, 17m + 24. - 
(iv) 177,7?,, 213@1,1 243tmI (among oihers) suit %$. 
(v) 117t43J and 117,,,, suit $. 
(i) For these examples when tfa(,,,j suits %$, see Appendix 1. I’dote that in 
none of these cases does m = - 0 (mod 3). The examples in Appendix 1 were found 
by computer seach quite quickly but nothing was found in comparable time for 
m = 27, 33 and 39 for selected choices of w, although 27 is in %&. 
ii) This part is just a restatement of Lemma 9 in the case where the constraint 
Ilows on combining (i) and (ii). 
(iv) IVote that 23,,,, and 29,,,, suit %$ while 15,,, and 21,,! fit Z0 (see examples 
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4Q 53 44 46 50 
18 32 33 35 38 34 39 36 37 
8 10 22 11 6 29 9 7 2? 12 13 23 14 
41 47 42 49 48 45 
15 26 i6 31 17 25 19 30 20 28 21 24 
Fig. 9. Perfect system of difference sets for Lemma 12(v). 
-in Appendix 1). The result then follows from (ii) since 
177=11=15+12, 213=13=15+18, 243=?1=21+12, 
77=11*7, 91-13.7, 97==11~19. 
Note also that 177 = 213 = 243 = 0 (mod 3). 
(v) A perfect system of difference sets with threshold 6 and a split at 22 
consisting of 6 components of valenc:y 2, 3 of valency 3 and 1 of valency 4 is 
shown in Fig. 9 (taken from [49 p. MI]). So, by Theorem 6(i), there is a complete 
permutation p of N 52.6 with a split at 22. But, from (i), as 25(,,, suits Z2, there is 
also a complete permutation z of A/r3 with a split at 6 which satisfies the 
constraint 
(S3, 3,0,2,5)+ (0,4, 1, .,2). 
Hence, applying Theorem 1, there is a complete permutation z6,16 @ &a=,7 of IV& 
with splits at 22 and 29 which again satisfies this constraint, that is 117,,, and 
117,,, suit V2. 
Proof of Theorem B2. With 
the following information. 
Column 1: m2, 1 s m2 s 12. 
the notation (21), Columns l-6 of Table 3 display 
Table 3. The spectrum ‘&2 
m2 ml3 c t r2 r,a 4 =!I m,=2 
1 4 13 6 0 3 x 25 
2 19 59 29 1 14 X 27 
3 5 1s 7 6 4 X 29 
4 5 16 7 0 4 x 31 
5 27 $9 39 0 LO X 33? 
6 4 15 7 1 3 x 35 
7 4 16 7 1 3 13 37 
8 15 59 22 3 10 15 39? 
9 3 12 6 3 2 17 41 
10 3 13 6 3 2 19 43 
11 15 59 22 0 11 21 45? 
12 3 12 6 0 3 23 47? 
Key few c~hmms (7-9). X: m is not in &; m: refer tc example m or m(,,,) 
for ‘SZ2 in Appendix 1; m?: case unresolved. 
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Column 3, 4: Values of c and t such that (2c - 1)(2r._1) suits %$ (for 
m2 + 2 (mod 3), that is m 9 0 (mod 3), refer to Lemma 12(i) and Appendix 1; 
for m2 = 2 (mod 3), that is m = 0 (mod 3), refer to Lemma 12(iv) and (v)). 
Column 5: r2 = c” - m2 (mod 4), 0 G y2 s 3. 
Column 6: Range of rl such that there is a complete permutation of N&+r,t (see 
Llsmma 5). 
Column 2: Range of ml such that m = 2c + 6r - 1 = 24m1 + 2t~2~ - 1is in Z2 (see 
Lemma 8). 
We deduce from this information that Ce2 contailns all odd positive integers with 
only finitely many possible xceptions, the largest of which is 24 l 26 + 9 = 633. As 
c&2 does contain odd m for 13 G m s 31 but not for 1 s m s il, this establishes 
Theorem B2. Cl 
The cases m = 0 (mod 3) where we have used values of c and t obtained from 
Lemma 12(iu) and (v) show, perhaps more than remarks in Section 6, how flexible 
our method is, but they also clearly distort he final result: in fact for m # 0 (mod 3). 
Table 1 shows that C;et contains all odd positive integers .m with .m 3 15 except 
possibly for 43 G m s 103. Even for m = 0 (mod 3), application of Lemma 12(iii) 
gives the following further sporadic values in g2: 
m2 = 2 (mod 12): 243,267,291,315,383,507,6X. 
m2 = 5 (mod 12): 117,201,369,393,441,465,585. 
mz = 8 (mod 12): 111, 135, 159,279,375,399,447,471. 
mp 11 (mod 12): 213,237,309,333,381,525,549, 573,597. 
It seems likely that s2 contains all odd positive integers m with m 3 13. 
However, it is interesting tocompare this situation with that for the constraints 
(-., c, $0, 1,6)-,(i, l,;i,O,2,2), (23a) 
(X, c, 5, 1,2, S)+ (I, lJ,O, 2,2), (23b) 
which are mentioned in [ 15, Lemmas 10 and 111 in the same context as (20). 
These like (20) are sliding constraints: (23a) is a (c, x)-sliding constraint for 
c - 2 a x > 6, while (23b) is a (c, x)-sliding constraint for c - 2 ax > 5. But unlike 
(20), no permutations have yet been found which satisfy either (23a) or (23b), 
although equally nothing is known which distinguishes them from (20) (The 
central SptXiitiiE Of (23iij is, of course, a subset of (eO as (23a) implies the 
constraint (O)+ (C)). The implication for [15] is that these constraints, incontrast 
to (20), do not appear to provide a fruitful way to construct certain irregular 
critical perfect systems of difference sets. The constraints (20), (23a) and (23b) 
as well as the constraint (0, l)+ (2,l) are the. first few members of a family of 
increasingly compiicated constraints suggested by 115, Lemma 4] which will be 
considered further elsewhere. 
uter Search and the Appendices. e obtain complete 
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permutations of IV” ordered so that n c p if for some d > C, 
n(n) = p(n) for CC n c d; z(d) < p(d), 
using the iterative search step: 
given n(n) for Z < n c i, a(i) is the ‘east value such that z(n), CC u 6 i, 
is a partial complete permutation of IV,. 
We are able to build into our search the following additional features: 
(i) values of It(n) for some n in IV; which remain unchanged throughout he 
search so that the resulting complete permutations (if any) satisfy given 
constraints; 
(ii) initial values of 36(n) for c < n c j for some j > E so as to begin the search 
at any point in the ordering; 
(iii) a parallel check on whether qI(n), Z c n s i, is a partial complete 
permutation of Nc+I,X+I UN’ either for any x or for specified x so as to identify 
splits in the course of the search. 
We can either make an exhaustive search or a search for the first examples 
according to our requirements. For the latter task, it seems that the computer 
search time can be reduced very considerably by using initial values and positions 
of splits suggested by examples previousby found for smaller values of c: such 
patterns will be apparent in the examples lists; in Appendix 1 for the larger 
values of c and so of m = 2c - 1 given there. Appendix 2 shows the results of 
exhaustive searches where the search procedure now gives only a. system of 
distinct orbit generators under the action of the group generated by the 
involutions I, R and C of (8) by incltlding a further check on orbit membership. 
Apgcndix 1 
Note that if RR(,,,) fits %$-, (resp. VI), then so does m(,) (see Section 5). 
Al.1. The !!p- %* 
Examples of complete permutations to show that nz(,,,) fits Ce,. 
7oI: (%I, 3, 0,3,i, 2)) 
9,: (3,5, 1, 3,&T, 4, i, 2), 
iiol): (5,5, i, 2,4,0,3,5,2, I, 3), 
13,,,: (“$6, ‘, 1, 3,5,0,3,7i, 2,6,2,4), 
15,): (J,2,6,2,7,5,3,0,6,3, z, 7,i, i, 4)) 
i7,,+ (i, S, 3, i, $4,6, 290, 7,3,8, ., 3, 1,3, s), 
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19(7$ 
249,: 
23(g): 
q9,: 
27(u): 
q11;: 
31(13$ 
33(13$ 
3503): 
37(& 
39(E): 
4&s): 
47(4$ 
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@i, 9,3,z, 7, I, 4,6, & 0, ;i, 8,9,7, i, ‘5i, 3,5,2), 
(~,~,~,~,i,l,5,7,6,4,0,~,9,~,:,e,lO ,..., %2,4,3), 
(iG, ii9 7,5,9, T, s, 5,1,‘8, 10, 0,7,9, 11, t;,5,. . . ,z, 2,3, 3, 
6,4L 
(II;, 9,5,Ti, E, @, 3,& 8, 7, 9, s, 0, 6, 11, IO,. . II ) 12, i, 1,3, 
%Z 3,2,4), 
(iz, E,g, ;i, ii, 2, i& I, i, 6,9,11,4,0,10,13,. . . ,g, 12, % 3, 
%% 3,2,7,% 8), 
(B, 14, i& 8,fi, 3, ii, 1,3. i, 6,8, 10, 13,0, 14,. . . ,g, 6, 11, 
i, ;i, 12, J, 2,4,7, z, 5,9), 
(iq E, ii, gig 3,12,1,3,2,7,2,10, 121 14,. . . ,o, i&i& 11, 
15, i, 7,5, 13,&T, 4, 8,5,9,6), 
(E, 16, i!& :o, n, ?, 13,?, 1, ii, i, 7,2, 10, 12,. . . , 15, 0, 16, 
13,11, 14, g, ?j? 5,&s, 3,5,4,8,. . . ,5,9,6), 
(i5,17,1s, Ib, is, g, 14, 3, i, E, 2, 7, 1, 8, 11,. . . ,1.3, 16, 0, 
17, i& 14,7, 15, g, 12,?, 3, ;, 3,5,. . . ,a, 9,6, 10,4), 
(ii, i&14,12,16, !j, ig 3, ?, 13,2,z, 1,8, 11,. . . ,13, 12, 17, 
0,183, ‘5, 14, 16, s, 0, ii, 7,15,4, . . . .a 6.3,§, 9,4,10,7,6;, 
(i&19, E, 13, n, 10, iii, 5,2,14, 1, 3, i, 8, 2,. . d ,9, 12, 16, 
l&O, 17,19,15,&E, g,n, 6,. . . ,a, 3,3,4,4,6,5,11, i0; 
7,13), 
(i$~,i5,iZ,i8,11,V,8,;?,E,i,1,13,8,10 ,..., 2,9,11, 
1.1, 19,O, l&20, 14,16,i& E, 9,6, . . . , IS, ?, 2,3,5,s, 4,6, 
3, 12,7,13), 
(ii, 21, 14, ii, ij, 13, 23, !i, i, 3, 3, i, 2, 4, 6, 8, 10, 12, 
14 , . . . ,16, 18, 20, 22, 0, 22, 53, .I& li:e, i;?, 12,10, g, 5, z, z, 
1,3,5, * . . , 7,9,23, 13, IS, 17, ltr, 21, 11). 
The table ‘;&vv gives for 4 G c s 8, the number of complete permutations of ZV’ 
which satisfy the constraints (O)+ (0). 
c 4 5 6 7 8 
4w 12@) 4fly !wv3’ 9192 
(1) All split at 2 (see Appendix 2); (2) none split; 
(3) of which 80 split, all at 3 (see Appendix 2). 
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Examples of complete permutations to show that m(,) fits CI. 
7(,): (T, S,2,2, 1,3,0) (splits at 2), 
9tgj: (3, 0,2,4, Z, 1,4, i, 3), 
q,,: (3, i, 2,5,3, Z, i, 3,5,0,4), 
i3t13j: (5,3,0,6,3,5,?, 1, &6, i, 4,2), 
q,): (3, i, 6,3,0,7, $2, 1,4,7,3, 6, 2,4), 
17,,: (i, s, 4, i, 2,4,6,& 2, i, 5,8, 7,5,0,3,5), 
19t,9,: (8, g, _$, 3, 0, ci, 5,7,6,2, 1,6, 9, 8,& i, 2, 4, 3)) 
21,: (9, i&g, i, 2, 4,0,7, i, g, 2, 1,9, 8, ‘5,&j,. . . , 10, 5, 3,6), 
23(c,+ (i& fi, 7,5, i, a, 0, 5, 8,6,9,2, 1,8,6, 11,. . . ,3, lO,q, 2,4, 
3,7), 
25tpQ: (5,12,9,5, ii, i, iii, 6, 8, 2, 7, 9, z, 1, i5,6,. . . ,12, 0, 10,4, 
ii, %3* 5,4), 
2711.11: (iz, fi,g, i, 3, Ti, 0, i& i, 7,9, 11,8,2, 1, 10,. e . Ir 13,& 6,& 
12,% 2,4,6,3,5), -- 
29(11): (n, iri, a, g, g,=ig, i, ;i, 0, 6, 8, 7, 11, 13,2, 1, . . . , 10, 9, 9, 
14, ;i, 12, ‘5,2,4,3,3,5,9), 
31& (14;, 15, ii, 9,13, i, 12,0,7; 9, ii, 3,10,& 2,. . . , 1,10,13,15, 
14,8, 12,3,& 5,2, 4,6,8, S), 
33t15j: (TS, ii& iz, 10, is, 14,3,13,0,2, i, 7,9, ii, 13,. . . , 15, Z, i, 12, 
fi,i,i6,5,3,14,&&3,5,4 ,..., 8,10,6), 
35t131: (3, fi, a, !,%: g,E, 3, i.3, i, 2,E, 7,9,8,12,14, l . l ,169 2, 1, 
ii, 10, 15, i, 8, 13,3,& 3,3, 17,4, l l . ,6,5, 10, O), 
37t15j: (17, G, Fi, 12,10, i&5, iS, i, 2,13,0,8,io,. _ . ,9,13, i5,17, 
%? f, 12, n, 3, g, 18,8,7, 14,. . . ,16, & 3,3,4,7,5, 11,6), 
39(151: (i&s, is, 13, ii, fi, s, ?5,3, i, i?i, 2,_0,_8, . . . ,iO, 9, 13, 16, 
P&2, 1,19,a, 15, 17, i?, s, .. . ,14,5,7,3,3,6,4,7, 5, 11, 
6, 1% 
4it15): (B, 20, G, 14, iz, i&9, D, 4, i, 15, 0 3,8, lo,. . . ,13,_13, ii, 
17, 19. ;z, 1,20,15, fi, 18, & ti, . . . ,14, 16,6, i, 2,4,5,9,5, 
3,6, 12,7), 
43tI,j: (a, 21, ii, 15,13,19,10,18,5, i, i&o, 3,9, ii,. . . : 2&12, 
17, 19, 14, ‘z, 1, 21, 16,B, 3, 20, ii,. . . ,g, 15,5, 18, 8,6,7, 
4, 6, 10,5, 13, 8,7). 
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The table below _. , $:ih’es for 4 G c G 8, the number of complete permutations df IV= 
which satisfy the constraint (0, I)-, (5: IjG 
c 4 5 6 7 8 
(1) Splits at 2 (see Appendix 2); (2) none split; 
(3) both split at 3 (see Appendix 2). 
Examples of complete permutations to show that m is in Cz. 
13: (5, Z, 0, u4, 3, 5, 1, J, 3, i, 6, 2, 4) (splits at 3), 
15: (7, Z, 0, Z,y4, 4, 6, 1,5,3, 5, 7, 2, i, 3), 
17: (g, 5, 0, i, 3, 5, 6, 7, 1, 6, 3, 8, 7, 2, 2, 5, 4), 
19: (g, 5, 0, 2, i, 5, 4, 6, g, 1, 7, 3, 8, 3, 2, 9, T, La), 
21: (ld), 5, 0, i, 3, 9, 6, 4, 5, g, 1, ;i, 3, 8, 3, 2, 10, 9), 
27: (i, 12, 0, 8, BP 10, 2, 4, 7, 9, 3, ii, 8, 1, 5, 3, 10, . . . , 12, 2, ‘5, 6, 
!.I, 13, 3, i, 6, 5). 
Examples of complete permutations to show that m(,,,) s&its C2. 
23t11,: (g,$, 0, i, ii, 5, $6,& 10, ?, 1, s, 3,9, i, . . l s 2, 11, 10, 2, 3, 
%4), 
25111,: (E, 5, 0, 5, 2, ii, g, 6, 8, 4, 7, i& 1, 9, 3, 10,. 
12,K 3, S, 4), 
. . ,?, 2, 11, 3, 
29t,3j: (zi, a, 0, 9, E, LP, 3,6, i, 9, iz, 4,8, i& 
13, -8, 12, J, z, 14,s, 7,4), 
1,. . . , 10, 3, 11, ‘i, 2, 
31~$ (9, iz, 0,109 15,12, z, 3, r3, 8, 7, z, ;?, 13, 9,. . . , 
12,2,5, 11,6, IQ, 
1, 
5, 
10,3,8, 
i, 15,4,. . . ,6, s), 
3st15,: (ii, 16, 0,12, ii, i;i, 8,Z, 15, 3, 9, i, 
13,3, iii, 14,2,9, 16,5, i, 17, 
12, lo, 4, l . . , i i,13, 1, 
15, . . . ,5,4,6,8,5,7), 
37,,,,: (i3, u, 0, %, 18, B, g,z, i& i, 
1,13,3, n, 
3,8,u, 12, 50, - l . ,z, 
14,2, i& $i, 
11, 17, 
3, 16, ‘i, . . . , 15,6,18,4,6,9, S, 7), 
41t17,: (Fi, B, 0,15,20, i7, liFf a,18, Z, 3, ii& 
18, 13, 1, i&3, 
i, 9, ii, 
E, 
. D D , lo, is, 4, 
14,2, 17, 19, a . . 9 iii, 8, ii, 16,20, i, 5,4, 
6,8,S, 7, 12). 
e table below gives for 7 G c G 12, t e number of corn utations of 
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A& which satisfy the constraint 
(X3, 3, 0,2, Sj-+(O, 5, 1,3,2). 
c 7 8 9 10 11 12 
3W 4<2) 17(2J 7gf2’ 44gt2) 569@3J 
(1) Of w&b 2 split at 3 (but 13(, does not suit C2 for any 
w); (2) none split; (3) of which over 100 split, all at 6, 
showing that 23t11, suits C2. 
Appdix 2 
AM. Census of complete pmuututious with proper @its 
For 1 SC G 6, we give a system of distinct orbit generators for the set of 
complete permutations of A/” with proper splits under the action of the group 
generated by the involutions I, R and C of (8) (recall that all permutations in such 
an orbit split 
length of the 
Jr; 
The group 
at the same places(s)). We indicate for each orbit generator z the 
orbit and where the permutations in the orbit split. 
orbit length; splits. 
generated by I, R and C also acts on complete permutations of N, 
satisfying the constraint (0) + (0) Orbit generators 36 for N,, 1 s c s 6, which 
satisfy this constraint are marked with an asterisk (thus 1~*). In the case of A/,, we 
give a system of distinct orbit generators for the set of complete permutations 
satisfying the constraint (0) --, (0). For N’ and A$, these special orbits are all 
derived from perfect system of difference sets which split by means of the 
parametric method of Section 4: for -N& compare [2, Table 411 which in effect 
shows how & complete permutations of JV’~ with proper sp!its arise, those -without 
proper splits coming from Table 411; and for NY, compare [3, pp. 95,961 (see also 
11, p* m= 
Orbit generators rz for No 1 G c s 6, which_ generate orbits containing 
permutations satisfying the constraint (0, l)+ (2,1) are marked with two 
asterisks (thus z**). 
For reference, the table below gives the number of complete permutations of 
N CP 1 G c s 8 (for fdrther numerical information of this sort, see [13, 161). 
cl234 5 6 7 8 
1 2 6 28 244 2544 35600 659 632 
c = I: There is 1 complete permutation of JV!: it does not s 
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permutations of N2: both hwe proper splits 
c = 3: None of the 6 complete permutations of Nz have proper splits. 
c = 4; 16 of 28 complete permutations of N4 have proper splits 
(5,0,2, i, Z, 3, l)**; 12; 2 
@,5,2,0,3,i,1)*;2;2 
(Z, 1, j,o, 3,i,2)*;2;2. 
c = 5: 40 of the 244 complete permutations of NS kave proper splits 
(S,Z,5,2,4,3,i,l,o);2;2,4 
(~,2,3,2,4,3,O,i,l);6;2 
(S,Z,5,3,2,4,O,i,l);6;2 
@,2,0,2,4,3, i, 1,3); 6; 2 
(Z,Z,l,T,4,3,i,2,0):4;2,4 
(S,i,l,5,4,Z.3,2,0);2;2,4 
(&i,o,2,Z,3,i,4,3);6;2 
(&&2,3,2,4,O,i,l);2;2,3 
(5,5,0,3,2,4,2,i,l);2;2,3 
(5,l,Z,S, 2,4,0, i, 3); 4; 2,3. 
c = 6: 432 of the ZOl4 complete permutations of N6 have proper splits 
(5,~,5,~,3,5,Z,4,i,&~);6;5 
(5,T, 4,3,1,4, i, 5, z, 0,2); 6; 3 
(Si, 2,4 5,4,2,1,;, 0); 12; 5 
(T,3,1,0,4,5, T, 5, ?, 3,2); 12; 3 
(5,Z, l,O, 4,2,5,5, i, 3,2); 12; 3 
(3,3,1,3,& 2,i, 5,Z,o, 4); 12; 3 
(S,%l,3,Z,Z,4,o,s,i,2);12;3 
(U, 2,0,5,4,?, 5,2,2, a); 12; 3 
(5,5,2,o,Z,4,5,5,i,1,3);i2;3 
(5,5,2,0,3J,i,5,Z,l, 4:.;12;3 
(5,X 2,0,3,2,4,5, i, 1,4); 12; 3 
(J,‘i,l,T,2,5,3,i,4,3,0);6;5 
(5, i, I, 3,4,2,2,S, 5,0,4); 12; 3 -- 
(5 1 ,1,3,3,2,3,0, &5,4j$;3 
(J:i,2,O,S,Z,5,5,4,3,1);6;3 
An arithmetic of complete permutations with constraints, Part 2 255 
(S,O,2,i,Z,S,4,3,5,1,3);6;3 
!5,S,3,3,1,4,i,s,Z,o,2);6;3 
&~,O,Z,4,2,5,5,i,l,3);6;3 
(T,J,a,3,1,2,5,3,i,4,2);12;3 
(Z,S,l,Z,4,2,J,s,o,i,3);12;3 
(S,S,l,~,4,3,i,3,.5,0,2);12;3 
(S,S,l,O,4,2,3,5,3,i,2);6;3 
(5,S,l,3,i,Z,4,&5,0,2);12;3 
(S,i,J,3,2,2,5,3,0,4,1);12;3 
(S,i,S,3,2,4~,3,5,0,2)~12;3 
(Z,i,J,3,1,SJ,2,5,0,4);12;3 
(S,i,3,3,J,2,5,o,Z,l,4);12;3 
(S,i,l,3,J,2,0,3,5,4,2);12;3 
&i,2,S,Z,4,1,3,5,0,3);12;3 
(~,i,2,J,l,z.5,3,3,0,4);12;3 
&i92,S;3,Z~o,?,s,4,1);12;3 
(Z,i,2,5,3,2,1,3,5,0,4)+*;12;3 
(S,i,2,2,5,4,0,3,5,1,3)**;12;3 
(Z,i,2,0,5,3,5,1,2,4,3);12;3 
(S,O,S,3,l,i,3,5,2,4,2);12;3 
(Z,o,3,3,J,2,4,1,5 i,2);12;3 
(&0,2,3,t&3,i,3,5,4,1);6;3 
(4,0,2,S,l,i,3,5,2,4,3);12;3 
(S,o,2,Z,J,5,4,1,5,i,3);12;3 
@,0,2,Z,5,i,4,3,5,1,3);12;3. 
c = 7: $0 of the 944 complete permutations of NT which satisfy the constraint 
(013 (0) b8-+~ proper splits 
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(S,Z, 2,4,6,3,0,6,5,5,1, i,4);4;3 
~~~~~2,S,3,0,0,5,6,9,~~i, 4); 12;3 
(J,2,2,1,~,S,O,6,3,5,3,1,4);4;3. 
Independent computer studies in [20] confirm these numbers fcx 1 G c s 6 and 
show fkther that 4646 of the 35 000 complete permutations of N, have proper 
splits. 
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